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We investigate the internal dynamics of the spinor Bose-Einstein Condensates subject to dis-
sipation by solving the Lindblad master equation. It is shown that for the condensates without
dissipation its dynamics always evolve along specific orbital in the phase space of (n0, θ) and
display three kinds of dynamical properties including Josephson-like oscillation, self-trapping-like
oscillation and ’running phase’. In contrast, the condensates subject to dissipation will not evolve
along the specific dynamical orbital. If component-1 and component-(-1) dissipate in different rates,
the magnetization m will not conserve and the system transits between different dynamical regions.
The dynamical properties can be exhibited in the phase space of (n0, θ, m).
PACS numbers: 05.30.Jp,03.65.Yz,03.75.Mn,03.75.Kk
I. INTRODUCTION
As Bose-Einstein condensates (BECs) are confined in an optical trap regardless of hyperfine state[1, 2], the atomic
spin degree of freedom are liberated and the spinor BECs are realized. This allow us to explore the properties
related with spin of ultracold quantum gas[3, 4]. Magnetism of the condensates has ever been extensively investigated
since its importance in traditional condensed matter physics [5–8]. Ryan etc.have found that many body states of
spinor atoms can be classified into several kinds of novel phases according to its spin symmetry[9]. In addition, the
realization of spinor BECs stimulated a great many of theories and experiments study on the dynamical properties
of spin-dependent interaction. The researchers have investigated the irregular many-body spin-mixing dynamics of
F =1 spinor condensates in the absence[10–13] and in the presence of an external magnetic field[14, 15]. The magnetic
properties of spinor BEC of high spin[8] are also the present popular topics.
In experiment, one non-negligible problem is the coupling of condensates with the environment. For example, the
interaction between the condensed atom and noncondensed thermal atoms results in the unavoidable atom loss[16]. In
some situation the dissipation effects[17–20], the thermal fluctuations[21] and the dephasing[22] will play crucial roles.
S. Diehl has suggested that with the quantum optics method we can drive an open ultracold atomic system into a
given pure quantum state, which provides a route towards preparing many-body states and non-equilibrium quantum
phases[23]. The proposal to preparing spin squeezed state, phase- and number-squeezed state has been given[24, 25].
In this paper, we investigate the spin-mixing dynamics of spin-1 antiferromagnetic spinor BECs subject to dis-
sipation. As the dissipation rate are different for each component, the magnetization will not conserved and the
pseudo-angular momentum operator defined in Ref. [26, 27] cannot describe the dynamics of spinor BECs. By con-
structing a set of operators, the Lindblad master equation[28, 29], which govern the dynamics of the open quantum
system, can be formulated as a group of nonlinear dynamical evolution equations under the mean-field approximation.
Therefore, we can obtain the dynamics of open spinor BECs by numerically solving the set of nonlinear equations.
II. MODEL AND METHOD
We consider spin-1 spinor BECs with N atoms of mass M trapped in a spin-independent external potential V (r),
the second quantized Hamiltonian is formulated as
H =
∫
drΨˆ†α(r)
[
− h¯
2∇2
2M
+ V (r)− µ
]
Ψˆα(r) +
c0
2
Ψˆ†α(r)Ψˆ
†
β(r)Ψˆβ(r)Ψˆα(r) +
c2
2
Ψˆ†α(r)Ψˆ
†
α′(r)Fαβ ·Fα′β′Ψˆβ′(r)Ψˆβ(r),
(1)
where Ψˆα(r) (α = 0,±1) is the field operator associated with the annihilation of atom in the hyperfine spin state
|F = 1,mF = α〉. The interaction parameters c0 = 4pih¯2(a0 + 2a2)/(3M) and c2 = 4pih¯2(a2 − a0)/(3M) correspond
to the spin-independent and spin-dependent interaction, respectively. Here af (f = 0, 2) is the s-wave scattering
length for atoms in the channel of total spin f . Because of |c2|  c0 (a0 = 50aB and a2 = 55aB for 23Na with
aB being Bohr radius, the single-mode approximation (SMA)[30] was utilized effectively to study spinor BECs. In
the approximation the spatial wave functions for each spin component φα(r) (α = 0,±1) are described by the same
wave function φ(r) determined by the ground-state solution of the Gross-Pitaevskii equation[31, 32] rather than the
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2coupled Gross-Pitaevskii equations:
(− h¯
2∇2
2M
+ V (r) + c0N |φ|2)φ = µφ, (2)
with µ being chemical potential. Here N is the total particle number, which is a classical number. Therefore we have
Ψˆα ≈ aˆαφ(r) with aˆα being annihilation operator for α component, and the Hamiltonian is given by
Hˆ = µNˆ − λ′0Nˆ(Nˆ − 1)
+ λ′2(aˆ
†
1aˆ
†
1aˆ1aˆ1 + aˆ
†
−1aˆ
†
−1aˆ−1aˆ−1 + 2aˆ
†
1aˆ
†
0aˆ1aˆ0
+ 2aˆ†−1aˆ
†
0aˆ−1aˆ0 − 2aˆ†1aˆ†−1aˆ1aˆ−1 + 2aˆ†0aˆ†0aˆ1aˆ−1 + 2aˆ†1aˆ†−1aˆ0aˆ0), (3)
where Nˆ is the total atom number operator in the condensate and 2λ′i ≡ ci
∫
(|φ(r)|4)dr (i = 0, 2).
For a closed system, the total atom number Nˆ and magnetization mˆ = aˆ†1aˆ1 − aˆ†−1aˆ−1 are conserved quantities.
Following the algebra in Ref. [26, 27], we can define the operators Lˆ− =
√
2(aˆ†1aˆ0 + aˆ
†
0aˆ−1), Lˆ+ =
√
2(aˆ†0aˆ1 + aˆ
†
−1aˆ0),
Lˆz =
√
2(aˆ†−1aˆ−1 − aˆ†1aˆ1), which satisfy the usual angular momentum commutation relation. They can completely
describe the properties of the spin-1 BECs if the system is closed. In the present paper we will investigate the dynamics
of spinor BECs subject to dissipation for the coupling with the environment. In this case both the total atom number
and magnetization will not be conserved and the new algebraic structure have to be employed. We construct the
operators Yˆk = i(aˆ
†
αaˆβ − aˆ†β aˆα) and Zˆk = (aˆ†αaˆβ + aˆ†β aˆα) ((α, β) is (1,-1), (-1,0) and (0,1) for k = 1, 2, 3, respectively).
Combing Yˆk and Zˆk with Nˆ , mˆ, and atom number in 0-component Nˆ0, the open system can be described. With the
help of the above operators, Hˆ takes the following form
Hˆ = µNˆ − λ′0Nˆ(Nˆ − 1) +
1
2
λ′2[(Zˆ2 + Zˆ3)
2 + (Yˆ2 + Yˆ3)
2 + 2mˆ2 − 4Nˆ ]. (4)
For the system coupled with environment inducing a non-equilibrium dynamics, its time evolution is determined
by the Lindblad master equation[29] for the reduced system density operator ρˆ
˙ˆρ =
1
ih¯
[Hˆ, ρˆ]− 1
2
∑
α=0,±1
γaα(aˆ
†
αaˆαρˆ+ ρˆaˆ
†
αaˆα − 2aˆαρˆaˆ†α). (5)
Here, Hˆ is the system Hamiltonian, and γaα is the dissipation rate of component α determined by the interaction
between the cold atoms and thermal atoms. The one-time average of arbitrary operator Aˆ can be calculated via
< A >= tr[Aˆρˆ(t)] and its time derivative <
˙ˆ
A >= tr[Aˆ ˙ˆρ(t)]. We define n(t) = tr[Nˆ ρˆ(t)]/N , m(t) = tr[mˆρˆ(t)]/N ,
n0(t) = tr[Nˆ0ρˆ(t)]/N , yi(t) = tr[Yˆiρˆ(t)]/N , zi(t) = tr[Zˆiρˆ(t)]/N . Inserting the Hamiltonian Hˆ into the Eq.(5) and
taking the first-order approximation, i.e. < AˆBˆ >=< Aˆ >< Bˆ >, we can obtain a set of closed equations
n˙ =− 1
2
(γa1 + γa−1)n−
1
2
(γa1 − γa−1)m+
1
2
(γa1 + γa−1 − 2γa0)n0,
m˙ =− 1
2
(γa1 − γa−1)n−
1
2
(γa1 + γa−1)m+
1
2
(γa1 − γa−1)n0,
n˙0 =2λ
′
2(y2z3 − y3z2)− γa0n0,
y˙1 =λ
′
2
(
y22 − y23 − z22 + z23 − 4mz1
)− 1
2
(
γa1 + γa−1
)
y1,
y˙2 =λ
′
2[−y1y3 − y1y2 + z1z2 + z1z3 + z2(n−m− 3n0) + z3(n
−m− 3n0) + 2mz2]− 1
2
(γa−1 + γa0)y2,
y˙3 =λ
′
2[y1y3 + y1y2 − z1z2 − z1z3 − z2(n+m− 3n0)− z3(n
+m− 3n0) + 2mz3]− 1
2
(γa0 + γa1)y3,
z˙1 =λ
′
2(−2y2z2 + 2y3z3 + 4my1)−
1
2
(γa1 + γa−1)z1,
z˙2 =λ
′
2[y1z2 + y1z3 + y2z1 − y2(n−m− 3n0) + y3z1 − y3(n
−m− 3n0)− 2my2]− 1
2
(γa0 + γa−1)z2,
3z˙3 =λ
′
2[−y1z2 − y1z3 − y2z1 + y2(n+m− 3n0)− y3z1 + y3(n
+m− 3n0)− 2my3]− 1
2
(γa0 + γa1)z3. (6)
For simplicity, we use the dimensionless formula and in the following evaluation the time and energy are in units of
the trapping frequency ω−1 and h¯ω, respectively.
After solving the above equations, we can calculate the interested quantities. To compare with the dynamical
properties of closed spinor BECs, we will focus on the evolving dynamics in phase space of (n0, θ). θ is the relative
phase of three components θα (θ = θ1 + θ−1 − 2θ0). The evolution of n0 can be obtained by solving the equations.
As we have time dependence of θ, the dynamical orbitals are determined in the phase space of (n0, θ). According to
Ref. [33], in the single-mode approximation we have θ = arctan y3z2−y2z3y2y3+z2z3 . While the population in component 1 and
-1 can be obtained by n1 =
n+m−n0
2 and n−1 =
n−m−n0
2 .
III. DYNAMICS OF OPEN SPINOR BECS
In this section we first show the dynamical properties of spinor BECs decoupled with environment, i.e., there is no
particle dissipation, and then we exhibit the dynamics as each component is subject to dissipation. In the present
paper we will display our results by taking the antiferromagnetic spinor BECs as the example and the spin-dependent
interaction constant λ′2 = 0.2.
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Fig. 1. (color online) Dynamical trajectories in n0 − θ plane for γa1 = γa−1 = γa0 = 0: (a) m=0; (b) m=0.3; (c)
m=0.6; (d) m=0.9.
In Fig. 1 the dynamical orbitals of close spinor BECs are shown for different magnetization m. For given initial
magnetization m(0), it is conserved and will not change in the full dynamics. This is consistent with the fact that
magnetization is a conserved quantity in the spinor BECs. For different magnetization the dynamical orbitals display
specific characteristic even for the same initial condition. In Fig. 1a (m = 0), the dynamical trajectories evolve in the
center of n0 = 0.5 and θ = 0.0 and all of them are closed. As a corresponding to the two component BECs or BECs in
double well[34], we define particle number difference between the compoent-0 and the others, z = (n1+n−1)−n0. The
mean value of z in an evolving period is 0.0 (n¯0 = 0.5), which is similar to the Josephson oscillation in two component
BECs. In Fig.1b and Fig.1c (m =0.3 and 0.6) the open orbitals appear. In these situations, with the time evolution
the phase θ will be always ’running’ rather than be periodical. The orbitals have the characteristic of ’running phase’.
For the closed dynamical orbitals here, n¯0 deviate from 0.5 (z¯ 6= 0.0), which are much like to the ’self-trapping’ in
two component BECs. Similar to the case of two component BECs, three kinds of dynamical orbitals are shown
for different initial population (n0(0) and m(0)) in spinor BECs, Josephson-like oscillation, self-trapping-like, and
’running phase’. For large magnetization the dynamical orbitals show the ’running phase’ properties (m=0.9 in Fig.
1d).
For the given magnetization m the spinor BECs is always in the specified dynamical region in the phase space of
(n0, θ). The system will evolve in one special dynamical orbital and keep up evolving with m being constant. This
is what we have shown so far in Fig.1, all of which are internal spin-mixing dynamics of spinor BECs. As the spinor
BECs subject to dissipation, the internal dynamical properties will be affected by the external environment. The
magnetization m will change if the dissipation rates of component-1 and component-(-1) are distinct. Even if the
dissipation rates are same for components 1 and -1, the dynamical properties will extremely different from the spinor
BECs without coupling with the environment.
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Fig. 2. (color online) (a) Dynamical orbitals of open spinor BECs ofm=0. Dashed lines: γa1 = γa−1 = 0, γa0 = 1/3;
Solid line: γa1 = γa−1 = 1/3, γa0 = 0. To compare with the close system, the dynamical orbitals of the system
without dissipation are shown (dotted lines). (b) The dynamical evolution of the particle number of each components
for γa1 = γa−1 = 0, γa0 = 1/3. (c) The dynamical evolution of the particle number of each components for
γa1 = γa−1 = 1/3, γa0 = 0.
In Fig. 2 the dynamical orbitals are shown for the case of γa1 = γa−1 and m = 0. Since the atoms in component-1 and
component-(-1) dissipate in the same rate and the internal dynamical properties of spinor BECs, the magnetization
will conserved as a constant 0. We can exhibit the dynamical orbitals of closed spinor BECs in the phase space of
(n0, θ) of m = 0. It is shown that the system still evolves in Josephson-like oscillation region, but it will transit
between different orbitals rather than evolve in one specific close orbital. In addition, the external coupling with
environment can be utilized to control the evolving orbital and the arrived final state. As only component-0 dissipate
(γa1 = γa−1 = 0 and γa0 = 1/3), the atoms of component-0 will completely disappear and some atoms of component-1
and component-(-1) remain in the system (n1 = n−1 = 0.05 finally). As only component-1 and component-(-1)
dissipate (γa1 = γa−1 = 1/3 and γa0 = 0), the contrary situation will take place (n0=0.2). In this case most atoms of
component-0 remain in the system after the other two component loss completely.
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Fig. 3. (color online) (a) Dynamical orbitals of open spinor BECs. To compare with the close system, the dynamical
orbitals of the system without dissipation are shown (dotted lines). γa1 = 1/3,γa−1 = γa0 = 0. (b) The dynamical
evolution of the particle number of each components.
In Fig. 3a the dynamical orbitals are shown for the case of γa1 6= γa−1 and m(0) = 0. As the dissipation rate of
component-1 and component-(-1) are different, the dynamical orbital will evolve in the phase space of (n0, θ, m) rather
than (n0, θ) because the magnetization will change in this case. The dynamics evolve starts at the Josephson-like
oscillation regime. If the spinor BECs do not subject to dissipation, the system maintains the stable Josephson-like
oscillation along the specific close orbital of m = 0. Since the component-1 dissipate in the rate γa1 = 1/3, the
magnetization m deviates from zero and the system gradually evolve into self-trapping-like region at |m|=0.1. With
the loss of spin-1 atoms, the magnetization become larger further and the system evolve into the ’running phase’
region at |m| = 0.4. Therefore by controlling the component-dependent dissipation rate the system can evolve from
the stable Josephson-like oscillation into self-trapping-like region and ultimately into the ’running phase’ region.
5IV. CONCLUSION
In summary, we investigated the spin-mixing dynamics of a spinor BECs subject the dissipations by constructing a
set of operators and solving the Lindblad master equation. As the system is closed, for different initial conditions the
dynamical orbitals show the properties of Josephson-like oscillation, self-trapping, and ’running phase’. The spinor
BECs evolve along the specific dynamical orbital. While the system is coupled with the environment and atom
dissipation exist, the system will transit between different dynamical orbitals. For the spinor BECs with the same
dissipation rates for component-±1, the magnetization conserve and the system evolves in the phase space of (n0, θ).
For the spinor BECs with different dissipation rates for component-±1, the system can evolve from Josephson-like
oscillation into self-trapping-like region and ’running phase’ region. In this situation, the dynamical orbitals evolve in
the phase space of (n0, θ, m).
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